Particle filtering is a contemporary Sequential Monte Carlo state inference and identification methodology that allows filtering of general non-Gaussian and non-linear models in light of time series of empirical observations. Several previous lines of research have demonstrated the capacity to effectively apply particle filtering to low-dimensional compartmental transmission models. We demonstrate here implementation and evaluation of particle filtering to more complex compartmental transmission models for pertussis -including application with models involving 1, 2, and 32 age groups and with two distinct functional forms for contact matrices -using over 35 years of monthly and annual pre-vaccination provincial data from the midwestern Canadian province. Following evaluation of the predictive accuracy of these four particle filtering models, we then performed prediction, intervention experiments and outbreak classification analysis based on the most accurate model. Using that model, we contribute the first full-paper description of particle filter-informed intervention evaluation in health. We conclude that applying particle filtering with relatively high-dimensional pertussis transmission models, and incorporating time series of reported counts, can serve as a valuable technique to assist public health authorities in predicting pertussis outbreak evolution and classify whether there will be an outbreak or not in the next month (Area under the ROC Curve of 0.9) in the context of even aggregate monthly incoming empirical data. Within this use, the particle filtering models can moreover perform counterfactual analysis of interventions to assist the public health authorities in intervention planning. With its grounding in an understanding of disease mechanisms and a representation of the latent state of the system, when compared with other emerging applications of artificial intelligence techniques in outbreak projection, this technique further offers the advantages of high explanatory value and support for investigation of counterfactual scenarios.
The meaning of the states and parameters are as follows: Compartment S is the count of susceptible
where N i is the number of people in age group i; v i and µ i are the birth and death rate of age group i, 112 respectively; c i is the aging rate of age group i, given by c i = (a i − a i−1 ) −1 , and c n = 0.
113
In this paper, we assume that the population is in equilibrium; this reflects the fact that the empirical 114 Saskatchewan population size from 1921 to 1956 does not change dramatically [19] , as will be discussed below 115 in greater detail. This approximation assumes that the total population N i (t) of age group i will remain 116 invariant over the model time horizon, that is, dN i (t)/dt = 0. Thus, according to Equation (2), for this 117 simplified context, the death rate µ i can be calculated as follows:
The values of parameters in the demographic model are estimated from the empirical data. Specifically, mathematical derivation are referred to our previous contribution [8] .
In this age-structured epidemiological model, the definition of most quantities are consistent with (mu-
The above can be rewritten as the following equation:
where λ i , l i , p i , I i , I mi and I wi are the force of infection, contact rate, transmission probability, number 148 of persons in full-disease infectious, number of persons in mild-disease and weak-disease infectious classes in 149 age group i, respectively. For an individual in age group i, f ij is the fraction of that individual's contacts 150 that occur with others in the age group of j. Thus, for a given age group i: n i=1 f ij = 1. l i f ij are then the 151 elements in the contact matrix. 152 An advantage of this method in calculating the contact matrix in the age-structured model is that the 153 contacts between any two age groups (e.g., i and j) is balanced (symmetric) -the number of total contacts 154 of an age group i to group j equals to the number of total contacts of the age group j to group i; that is, 155 N i l i f ij = N j l j f ji . However, this method has a notable disadvantage that the count of unknown parameters 156 in calculating the contact matrix grows quadratically with the count of age groups (denoted as n) in the in the age group j is distributed among the population in the age group i in proportion to the fractions l i /D * , where D * is the total number of contacts per unit time received by all people, l i is the contact rateaverage number of persons contacted by a person per unit time -of age group i, and D * = n j=1 l j N j [16] . 172 The elements in the contact matrix are l i l j /D * [16] . Finally, the re-dimensionalized force of infection (λ) 173 used in Equation (4) and in [16] is given as follows:
However, in this paper, we employ the dimensionless representation of the "force of infection" in Equation
175
(8), which is consistent with [16] , instead of the re-dimensionalized one in Equation (7). The motivation for 176 this lies in our use of the values of parameters related to the mixing matrix from [16] , which will be detailed 177 below in the section "particle filtering implementation". The dimensionless equation of force of infection in 178 [16] is as follows:
where D is the dimensionaless total contacts across all population, and D = n j=1 l j N j / n j=1 N j = 180 D * / n j=1 N j .
181
The advantage of this method is that -if one adopts the values of the contact rate in each age group 182 given in [16] -there are no unknown parameters required for calculating the contact matrix. And it is 183 straightforward to calculate the contact matrix as long as those age-specific contact rate parameters are 184 known. However, this method of calculating the contact matrix suffers from a notable disadvantage -a lack 185 of guaranteed symmetry between the contacts exerted between pairs of age groups. Specifically, it can be 186 readily shown that the value of the total contacts occurring from age group i to age group j is not in general 187 equal to the value of the total contacts occurring from age group j to age group i. This reflects the fact 188 that the number of total contacts of the age group j to age group k is N j l j l k /D * , while the number of total 189 contacts of the age group k to age group j is N k l j l k /D * . In general, these two quantities need not be equal.
190
To address this shortcoming, we explored a previously contributed method to calculate a balanced contact 191 matrix. While the above method does not require additional parameters, for the balanced method, the total 192 number of the unknown parameters grows linearly with the number of age groups.
193
The Re-balanced Contact Matrix. To calculate the balanced contact matrix, we have employed the method 194 introduced in research by Garnett and Bowden (2000) [21]. The elements of the contact matrix l ij f ij and force 195 of infection λ i are as follows; readers interested in the detailed mathematical deduction of the re-balanced 196 contact matrix can refer to Appendix C:
197
where p i is the transmission probability of age group i, f ij is the fraction of the contacts of an individual 198 in age group i that are made with others in age group j, δ ij is the identity matrix, mixing parameter i 199 determines where mixing occurs on a scale from fully homophilic -persons only contact with the individuals 200 in the same age group (representing i = 0) -to random mixing in which the contact among the total 201 population is non-preferential (representing i = 1.0).
202
Finally, based on the above discussion, we have employed four pertussis epidemiological models as the 203 state-space models to be used in corresponding applications of particle filtering -the aggregate population 204 model (shown in Equation (1)), the age-structured model with two age groups (Equation (4) with n = 2) 205 with the general contact matrix based the mass action assumption (Equation (6)), the age-structured model 206 with 32 age groups (Equation (4) with n = 32) with an un-balanced contact matrix (Equation (8)) and the 207 age-structured model with 32 age groups (Equation (4) with n = 32) with a re-balanced contact matrix 208 (Equation (9)). It is notable that the 32 age group division applied is directly adopted from Hethcote (1997)
209
[16], with age groups from 0-1 month, 2-3 months, 4-5 months, 6-11 months, integer ages for 1 through 210 and including 19, 20-24 years, 25-29 years, 30-39 years, 40-49 years, 50-59 years, 60-69 years, 70-79 years, 211 80-89 years, 90 years and older. The age structured model with two age groups dichotomizes the population 212 into 0-4 years and 5 years and older age categories. It bears noting that while more detailed age structure 213 can better capture both the effects of population aging and inter-group heterogeneity, in terms of particle 214 filtering, it entails estimation of a larger underlying model state space -potentially adversely affecting the 215 accuracy of that estimation; in many models, it also requires specification of additional parameter values. 216
Particle Filter Implementation

217
Particle filtering is a contemporary state inference and identification methodology that allows filtering 218 of general non-Gaussian and non-linear state space models in light of time series of empirical observations 219 [10, 11, 22, 15, 8, 23] space, using a myopic proposal distribution [23] .
234
The key idea underlying resampling is a variant of the principle of "survival of the fittest". To achieve this, 235 the resampling step will monitor the effective sample size following each observational update. Whenever the 236 effective sample size drops below a threshold, the algorithm will draw a new set of particles from the existing 237 set, where the probability of drawing a given particle is -in accordance with the principle of importance 238 sampling -proportional to its weight. Within such resampling, particles with higher weight will tend to be 239 reproduced, and particles with lower weight will tend to die out. The new particles inherit their parent's 240 values but carry a uniform normalized weight. At a given time, each particle contributing to the distribution 241 (represented collectively by the particles according to the principles of sequential importance sampling [23]) 242 can be seen as representing a competing hypothesis concerning the underlying state of the system at that time.
243
The particle filtering method can be viewed as undertaking a "survival of the fittest" of these hypotheses, with 244 fitness of a given particle being determined by the consistency between the expectations of the hypothesis 245 associated with that particle and the empirical observations.
246
Interested readers are referred to more detailed treatment in [22, 24, 23, 10] for the contact process between susceptibles and infectives, and in the reporting process for infected cases.
262
The mathematical structure of the pertussis aggregate population state space model is shown in Figure   263 2. The stochastics associated with these factors represents a composite of two factors. Firstly, there is 264 expected to both be stochastic variability in the pertussis infection processes and some evolution in the 265 underlying transmission dynamics in terms of an evolving reporting rate, as well as changes in mixing.
266
Secondly, such stochastic variability allows characterization of uncertainty associated with respect to model In characterizing transmission process, we consider a stochastic process -specifically, a Poisson process - A Iw = P oisson(λR 2 ∆t) ∆t
The second stochastic process considered in the aggregate population pertussis state space model is the 278 mixing process between susceptibles and the infectious. We know that the transmission probability of the 279 disease of pertussis is normally a constant. Thus, to simplify the model, we incorporated an effective contact 280 rate parameter, denoted as β, where the effective contact rate is the multiplication of a per-month contact 281 rate and transmission probability (of unit dimension), denoted as l and p (β = lp) in the deterministic 282 aggregate population compartmental pertussis epidemiological model characterized in Equations (1). We 283 posit that parameter will undergo some evolution in value in accordance with contact rates -such as due to 284 social distancing, as the school year starts or stops, and enhanced hygenic awareness during outbreaks. We 285 thus characterized effective contact rate β as evolving stochastically within the model.
286
To estimate changing values of the stochastic effective contact rate parameter β, and to investigate 287 the capacity of the particle filter to adapt to parameters whose effective values evolve over simulation, 288 we incorporated the parameter β into the state of the particle filter model, as seen in Figure 2 . Moreover, 289 reflecting the fact that the effective contact rate β is conceptually bounded to the non-negative real numbers,
290
we treat the natural logarithm of the effective contact rate β as undergoing a random walk according to 291 Brownian Motion, as characterized by a Wiener Process [25, 26, 8 ]. The stochastic differential equation of 292 the effective contact rate β can thus be described according to Stratonovich notation as:
where dW t is a standard Wiener process whose perturbations follow a normal distribution with 0 of mean 294 and unit rate of variance; s β is the diffusion coefficient. Thus, the perturbations in the value of ln(β) are 295 normally distributed with 0 of mean and variance s β 2 .
296
The third stochastic process considered in the noisy state space model relates to the reporting process 297 for infected pertussis cases. Over the multi-decadal model time horizon (as circumscribed by the span of 298 the empirical data from 1921 to 1956), and particularly on account of shifting risk perception, there can be 299 notable evolution in the degree to which infected individuals or their guardians seek care. To capture this 300 evolution, we incorporated another stochastically evolving parameter -the fraction of underlying pertussis 301 cases that are reported (denoted as C r ); as for the above parameters, this parameter is also treated as an 302 element of evolving model state. Reflective of the fact that the reporting rate C r is a probability limited to 303 the range [0, 1], we characterize the logit of C r as also undergoing Brownian Motion according to Stratonovich 304 notation [8] as follows:
where dW t is as above; s r is the diffusion coefficient. Perturbations in the value of ln( Cr 
Finally, we obtained the noisy state space model of the pertussis particle-filtered aggregate model by 324 incorporating into the base model -as given by the deterministic compartmental epidemiological model in 325 equations of (1) -the adjusted stochastic parts in equations of (10), (11), (12), (13) and (14) of the initial states, as given by constants) and sampled by the particle filtering algorithm. Both the values 333 of parameters and initial values of states in this model are listed in Appendix D.
334
The two-age group population structure state space model. In the two-age-group population structure state 335 space model, we employ the age-and population-structured pertussis compartmental epidemiological model 336 (Equation (4)) with n = 2 as the base model, where the variable of "force of infection" is calculated according 337 to the mass-action based formulation of the general contact matrix (Equation (5)). In this model variant, 338 we use subscripts "c" and "a" to denote the child-and adult-specific values, respectively, where the child age 339 group includes all individuals from newborns to the end of the fourth year, and the remaining individuals 340 are in the adult age group. Similar to the state space model with an aggregate population, noise is imparted 341 to this base model in three elements -the new infectious occurrence process, the contact process between 342 susceptibles and infectives, and the reporting process for infected cases. The mathematical structure of the 343 pertussis aggregate population state space model is shown in Figure 3 .
344
As discussed in the aggregate population state space model, we consider occurrence of infections within a 345 given small interval to be characterized by a Poisson process. Then, the flows of new infections incorporated 346 into the model are given by the following equations:
Characterization of the stochastic mixing process between susceptibles and infectives within the stratified 348 model is more involved than the same process in the aggregate population model, due to the need to include 349 both homogeneous mixing within the same age group and heterogeneous mixing amongst different age groups.
350
In the two-age structured model, we assume that all the differences in transmission from an infected 351 adult vs. an infected child is due to differences in contact rates, and thus that the transmission probability 352 Figure 3 : The mathematical structure of the particle filtering age-structured model with two age groups.
of pertussis (denoted as p i in the force of infection model of Equation (5) and Equation (6) for age group i) 353 are the same between child and adult age groups (i.e., that p c = p a ). Then, according to the general contact 354 matrix model based on mass action introduced previously, we obtain the following equations:
where l c and l a are the contact rates of child and adult age groups; N c and N a are the total populations 356 of the child and adult age groups; f ij , i, j ∈ [c, a] indicates the fraction of the contacts of age group i occur 357 with age group j.
358
Then, similarly to the aggregate population state space model, we import the parameters -effective 359 contact rates of the child and adult age groups -denoted as β c and β a , respectively. We know the effective 360 contact rate is the multiplication of the parameter of contact rate and transmission probability. Then, we 361 get β c = l c p c and β a = l a p a . Substituting the equation with β c and β a to the Equation (15), we can get [8]:
To represent the stochastic characteristics of the mixing process of the two-age group state space model, 363 we allowed three parameters to change with time according to a random walk (with the values of these 364 parameters being estimated as part of model state upon each observation during particle filtering) -the 365 effective contact rate of the child age group β c , the fraction of the contacts of the child age group that occur 366 with the child age group f cc , and the ratio of the adult age group's effective contact rate (β a ) to that of 367 the child age group (β c ), denoted as M a . Reflecting the fact that both β c and M a vary over the entire 368 range of positive real numbers and f cc varies in the range of [0, 1], we treat the natural logarithm of each 369 of β c and M a , as well as the logit of f cc , as undergoing a random walk according to a Wiener Process, and 370 thus undergoing Brownian Motion) [25, 26, 8] . Drawing on notation from the Stratonovich calculus for the 371 random walks involved, we obtain the equations as follows:
The third stochastic component in the two-age group model relates to calculation of the reported cases of 373 pertussis in the model. As in the aggregate population model, for comparison with reported case counts, we 374 also make use of two convenience states -denoted as I kc and I ka -to accumulate pertussis infectious cases 375 from time k − 1 to k for the child and adult age groups. Moreover, we assume that the pertussis reporting 376 rates of child and adult age groups are the same. Thus, the equation of reporting rate -denoted as C r -is 377 identical to that in the aggregate model in Equation (12). The mathematical equations characterizing the 378 reporting process are listed as follows:
I rck = C r I kc
where dynamic variables I rck and I rak indicate the reported pertussis cases calculated from the two-age 380 group model.
381
Finally, the noisy state space model of the two-age group pertussis particle-filtered transmission model is 382 the combination of the base model of the deterministic compartmental epidemiological model in Equations
383
(4) and the adjusted stochastic parts in Equations (15), (18) and (19) 386 32-age group population structure state space models. In this paper, we have explored two pertussis particle 387 filtering models with 32-age group population structure -with the unbalanced contact matrix introduced by 388 [16] (Equation (8)) and re-balanced contact matrix (Equation (9)) -taking the deterministic epidemiological 389 model of Equation (4) with n = 32 as the base model. As in the state space models above, we also 390 incorporated three stochastic elements within the 32-age group state space models -the new infectious 391 occurrence process, the contact process between susceptibles and infectives, and the infected case reporting 392 process ( Figure 4 ).
393 Figure 4 : The mathematical structure of the particle filtering age-structured model with 32 age groups.
Similar to the aggregate and two-age group population state space models introduced above, we con-394 sider the new infectious individuals occurrence processes follows the Poisson process, and the mathematical 395 equations are listed as follows:
Similarly to those previous models, in the stochastic process of reporting the pertussis cases in the 32-age 397 group state space models, we consider the reporting rate of each age group to be the same, denoted as C r , 398 the logit of C r undergoing Brownian Motion. The resulting mathematical equations related to the reporting 399 process are listed as follows: probability from a young child is usually higher than that of the adults due to hygienic disparities. The 419 mathematical equations of the stochastic mixing process are listed as follows:
The value of f pi in the 32-age-group models of pertussis in this paper is (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 421 1, 1, 1, 1, 1, 1, 1, 0.5, 0.5, 0.5, 0.5, 0. 19843, 19733, 19647, 19571, 19486, 19394, 19289, 19161, 19002, 18809, 18577, 18318, 18033, 17724, 427 17386, 17021, 16629, 16218, 15802, 73256, 65935, 117771, 97621, 70964, 44313, 19332, 4377, 387) . To let the 428 arrival rate of newborns in each pertussis particle filtering model per unit time (here, month) be the same 429 across all models, the yearly birth rate of the 32-age-group models are assumed as (0, 0, 0, 0, 0, 0, 0, 0, 0, 430 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.03, 0.03, 0.03, 0.03, 0.03, 0.1, 0.1, 0.1, 0, 0, 0, 0, 0, 0). This is done to ensure the In the re-balanced contact matrix method, to represent the stochastic mixing process, we assume that 436 the changes of the logarithm of l 1 p 1 (the effective contact rate of the first age group) undergoes a random 437 walk according to a Wiener Process (Brownian Motion) [25, 26, 8] . The logit of the six mixing parameters ( i , 1 ≤ i ≤ 6) are similarly treated as evolving according to a Wiener Process. The reason that the total 439 number of mixing parameters is 6, instead of 32 -as might be expected if there are a mixing parameter 440 related to each age group each -lies in the fact that the yearly empirical datasets could only be split into 441 6 age groups -less than 1 year, 1 to 4 years, 5 to 9 years, 10 to 14 years, 15 to 19 years and 20 years and 442 older, as is characterized in detail below. Finally, the force of infection for the the 32-age group structured 443 pertussis particle filtering model with a re-balanced contact matrix is given as follows:
444
where f li and f pi are the ratios of the contact rate and transmission probability between age group i and In the condensation method version [23] of the particle filtering method [22] , the weight update rule for 454 a particle given a new observation y k involves multiplying the previous weight by the value of the likelihood 455 function p(y k |x k ), where the latter represents the probability of observing the empirical data (denoted as 456 y k ) given the particle state x k at time k. In this paper, following several past contributions [10, 14, 8, 27] , 457 we select the negative binomial distribution as the basis for the likelihood function. We treat the likelihood 458 of observing y k individuals at time k given an estimated count of incident individuals from the model i k as 459 follows:
where y k is the empirical data (reported pertussis cases) at time k; p = i k /(i k + r) represents the 461 probability that a given reported case is in fact a true incident case, and r is a dispersion parameter. In all 462 scenarios reported in this paper, the value of r is chosen to be 10.
463
Aggregate model. and I rk is the expected reported cases as calculated by the particle filtering model for each particle. the whole population and the yearly reported cases related to each of the reported age groups considered.
474
The likelihood formulation of age structured models is as follows:
where L month is the likelihood function based on the monthly empirical data across the total population, 476 L yearlyi is the likelihood function based on the yearly empirical data for group i, y yik is the yearly empirical 477 data for age group i, and I rik is the reported pertussis cases of age group i at time k.
478
In the two-age group particle filtering model, we have three empirical datasets -the monthly reported 479 pertussis cases across the whole population and yearly reported cases for each of the two age groups (n = 2 480 in Equations (25)). In the 32-age group particle filtering models, we have employed seven empirical datasets 481 -the monthly reported pertussis cases across the whole population and six datasets of yearly reported cases The demographic parameters play a significant role in the models, particularly the age structured variants.
512
The parameters related to the population are abstracted from the empirical population of Saskatchewan from Figure 6 . Thus, we let the model population constantly stay in 863,545, which is the 517 average reported population over the years 1921 to 1956 within the Saskatchewan age pyramid [19] . It bears 518 emphasis that for simplicity, we assumed an equilibrium in the population structure -the total population 519 and population among each age group (in the age-structured models) -remain invariant. Similarly, the 520 model assumes fixed values of the population in each age group, according to the previously noted average 521 population. 522 Figure 6 : The age-specific and overall population of Saskatchewan from 1921 to 1956.
Introduction of the aggregate population model with calibrated parameters 523
To evaluate the performance of the particle filtering model when compared to the traditional calibration 524 method, combining with the empirical data, we further constructed a calibration model with the aggregate 525 population using the deterministic epidemiological compartmental model of Equation (1). To be consistent 526 with the particle filtering aggregate model, the parameters and initial values sampled in the particle filtering 527 model are estimated in the calibration model, which are the effective contact rate β, reporting rate C r 528 and the initial value of the stocks of S, I and R 1 . In this calibrated model, the values of the parameters 529 obtained from calibration against the empirical dataset are listed below. The initial value estimated from 530 the calibration process in class S, I and R 1 are 19420, 500, 9960. The value of the effective contact rate 531 (β) is 56.692; it bears emphasis that this value incorporates both a rate of contact and the probability of 532 transmission. The calibrated value of the reporting rate of pertussis is 0.01. The other parameters are the 533 same as the particle filtering models. 534 2.5. Classifying outbreak occurrence 535 The pertussis particle filtering models -combining the particle filtering algorithm and the compartmental 536 models with empirical data -are capable to estimate and predicting the full (continuous) model state 537 over time. Moreover, in this paper, on the basis of having particle filtered up to a certain month, we 538 further perform classification outbreak (outbreak vs. non-outbreak) analysis based on the predicted results 539 (in the next time unit -month) of the particle filtered models. Referred from our previous contribution 540 [8], the function mapping from the continuous predicted results of particle filtering models -predicted 541 reported pertussis cases in the next month -to dichotomous categories of outbreak and non-outbreak can 542 be represented as follows [23, 8] :
where I
indicates the matrix of reported cases of pertussis predicted by the particle filtering I rik is the reported pertussis cases of age group i at the time k) in the particle filtering models introduced 548 above.
549
Two processes are then used to perform classification analysis of the results from the particle filtering 550 models [8]. In the first process, we define a threshold (θ) -mean plus 1.5 times the standard deviation of the 551 empirical monthly reported cases, above which that particle is considered as positing an outbreak. In the 552 second process, we define a threshold of the fraction (θ k ) of particles required to posit an outbreak at time 553 k for us to consider there as being an outbreak. Then, the vector determining whether there is an outbreak 554 of measles in each month -z k -is calculated. We further denote {y lk } T f k=1 as the binary empirical vector 555 of whether a pertussis outbreak indeed obtained at time k, y lk ∈ {0, 1}. The calculation method of y lk is 556 similar to that of each particle. If the count of measles reported cases is greater or equal to the threshold 557 θ, the related element in vector y lk is labeled to be outbreak (the value is 1). Otherwise, a non-outbreak is 558 assumed (the value is 0).
559
Finally, to summarize the performance of the classifier, we employ as a metric the area under the Receiver Recall that to explore the predictive performance of particle filtering in different compartmental pertussis 565 models, four distinct particle filtering models have been built in this research -the aggregate particle 566 filtering pertussis model (denoted as P F aggregate ), the age-structured particle filtering model with 2 age 567 groups (denoted as P F age 2 ), the age-structured particle filtering model with 32 age groups with the original 568 Hethcote contact matrix (denoted as P F age 32 Hethcote ), and the age-structured particle filtering model with 569 32 age groups with the re-balanced contact matrix (denoted as P F age 32 rebalanced ). In each of the four 570 particle filtering models, 3000 particles are used in the particle filtering algorithm; for clarity in exposition, we 571 sampled the same number when generating the plots of the 2D histogram and for calculating the discrepancy.
572
To compare the accuracy of a particle filtered model against that of a traditional model of pertussis calibrated 573 against comparable data, we have further built a calibrated model of the aggregate population, henceforth 574 denoted Calibrated.
575
By comparing the discrepancy -the root mean square error (RMSE) between the model results and 576 the empirical data -associated with each model, we sought to identify the model offering the greatest 577 predictive validity. We then use the most favorable model to perform prediction and intervention analysis. Each of the five particle filtering models was run 5 times (the random seed generated from the same set). Shown here are the average and 95% confidence intervals (in parentheses) of the mean discrepancy for each model variant. Figure 7 : Boxplot of monthly and yearly discrepancy of all models at monthly observation points, considering empirical data across all observation points. "Calibrate" indicates the calibration model with aggregate population structure; "PF a1" indicates the particle filtering model with aggregate population structure; "PF a2" indicates the particle filtering model with 2 age groups; "PF a32H" indicates the particle filtering model with 32 age groups and the contact matrix introduced in [16]; "PF a32R" indicates the particle filtering model with 32 age groups and the re-balanced contact matrix. " M" indicates the discrepancy of the model comparing model-based monthly results with the monthly empirical data -the pertussis reported cases among all population; " Y" indicates the sum of discrepancy (of each age group) of the models comparing model-based yearly results with the yearly empirical data -the pertussis reported cases classified into age groups and having adjusted the unit to Month by dividing by 12. It is also notable that the dot in the boxplot indicates the mean value, while the horizontal line indicates the median value.
578
To assess model results, each of the four particle filtering models was run 5 times with random seeds generated from the same set. We calculated the average and 95% confidence intervals of the mean discrepancy. but age stratification absent in both such models. Table 1 indicates that the particle filtering models are 586 significantly more accurate than the calibrated model -the average discrepancies of the particle filtering 587 models are significantly lower than those for the calibrated deterministic model. Moreover, although the 588 monthly average discrepancies among the four particle filtering models with different population structure 589 and contact matrix structure are quite close, the particle filtering models P F age 2 and P F age 32 rebalanced 590 exhibit smaller average discrepancies. With respect to the yearly average discrepancies, Table 1 shows that 591 the age-structured model with two age groups offers better predictive performance than the model with 32 age 592 groups; as noted, the aggregate model lacks the age stratification required to calculate yearly discrepancies.
593
It is notable that the total number of the yearly empirical datasets against which the calibration is assessed 594 is different between the age-structured models with 2 age groups (which is compared with 2 yearly empirical 595 datasets) and that with with 32 age groups (which is compared with 6 empirical yearly datasets). The yearly 596 average discrepancies listed in Table 1 are the sum of the average discrepancy across each empirical dataset.
597
Thus, this difference may contribute to the result that the yearly average discrepancies of the model with 32 598 age groups are greater than the model with 2 age groups; at the same time, this effect will tend to be limited 599 by the fact that both the model and the empirical values will tend to have smaller counts when applied to a 600 greater number of age groups, yielding a smaller per-age-group discrepancy. On balance, we chose to employ 601 the particle filtering model with two age groups as the minimum average discrepancy model to explore the 602 performance of pertussis outbreak prediction.
603 Figure 7 shows a boxplot of the distribution of discrepancies among the calibrated model and the four 604 particle filtering models, where a given box in the boxplot summarizes monthly discrepancy estimates for 605 a given model, where those discrepancies are considered over different points in time. Each of the particle 606 filtering models was run 5 times (with the random seed being generated from same set). Then the average 607 monthly and yearly discrepancy among these five runs at each observation time between the particle filtering 608 models and the empirical data are recorded for the boxplot. Both the monthly and yearly (adjusted to units 609 of one Month by dividing by 12) distributions of the discrepancies of each of the age structured models 610 are plotted in Figure 7 . This boxplot also indicates that when considered over time, the the discrepancies 611 of all the particle faltering models tend to be smaller than for the calibrated model, although there are 612 similar median discrepancy values. More notable yet is the fact that the discrepancies associated with the 613 calibrated model are significantly more variable than those for the particle filtered models. This suggests 614 that particle filtering improves the consistency of the model's match against empirical data, when compared 615 to a traditional deterministic model with calibrated parameters. Finally, it bears note that the datasets 616 of the discrepancy of the model P F age 2 have a particularly narrow distribution, especially when judged in 617 terms of yearly discrepancy. These prediction results suggest that the pertussis particle filter model offers the capacity to probabilisti-702 cally anticipate pertussis dynamics with a fair degree of accuracy over a year or so. From the 2D histogram 703 plots, empirical data lying in the projection interval after the prediction start time -and thus not considered for informing public health agencies with accurate predictions of the anticipated evolution of pertussis over coming months, the next section formally evaluates the performance a simple classifier as to whether the 708 next month will be subject to an outbreak or not, where that classifier uses a very simple prediction scheme 709 constructed atop the particle filter model. Beyond assessing the use of particle filtering models for predicting forward pertussis transmission more 712 generally, we also used the lowest discrepancy particle filter pertussis model (P F age 2 ) to dichotomously 713 predict occurrence of a pertussis outbreak within the next month.
714 Figure 17 displays an evaluation of the predictive performance in the form of an ROC curve. The Area
715
Under the Curve (AUC) of the ROC curve is 0.913, suggesting that it is possible to achieve both high 716 specificity and high sensitivity. Figure 18 shows the boxplot of residuals (difference between predicted model 717 result and empirical data) of sampled particles (by weight) at each time point where empirical data comes 718 in (each month). Two points bear emphasis. Firstly, these results depict prior model predictions -that 719 is, those predicted by the model before the new data is observed. Secondly, Figure 18 excludes the first 10 720 months (empirical data points) of the time horizon, during which the particle filtering model is not stable 721 enough due to insufficient incorporation of empirical data. Figure 18 indicates that for results of the next 722 time point (month in this paper), the prior prediction of the particle filtering model are quite close to those 723 of the empirical data -although the empirical data at each predicted time point are not yet incorporated to 724 ground the model.
725 Figure 17 : ROC curve of the binary outbreak classifier of the minimum discrepancy model.
Intervention with the minimum discrepancy model 726
The capacity of particle filtering to accurately estimate (sample from) the latent state of a pertussis model 727 makes this technique capable of both estimating the entire latent state and using that estimation to project 728 patterns of pertussis spread and waxing and waning of incidence in the near term, and to anticipate outbreak 729 occurrence. The capacity to perform such state estimation within a mechanistic model also supports particle 730 filtering models in more accurate simulation of the tradeoffs between intervention strategies, despite their 731 counterfactual character.
732
In this section, we have implemented several experiments to simulate stylized public health intervention 733 policies, based on the minimum discrepancy particle filtering pertussis model identified above. The stylized 734 intervention strategies are characterized in an abstract way for demonstration purposes, and are typically 735 performed before or at the very beginning of an outbreak. For simplicity, we examine them as a historical planning, we assume here that the start month of the intervention (month 269) is the "current time" in the 741 scenario -that we wish to asses the effects of that intervention considering only the data available up to but 742 not including month 269, and simulate the results of the intervention forward from that point. The baseline 743 prediction result of the minimum discrepancy model absent any interventions is shown in Figure 13 (b) . We 744 examine below the impact of two stylized intervention policies -hygeine-enhancing and vaccination.
745 Figure 19 : 2D histogram of model-based projections of pertussis incident case counts when simulating a hygeineenhancing intervention during a pertussis outbreak. This is realized by decreasing the contact rate by 20%. Figure 19 and Figure 20 display results from simulation of hygeine-enhancing intervention strategies [29] 746 whose effects are characterized as decreasing the contact rate parameter by 20% and 50% when compared 747 to its pre-intervention value, respectively. Similarly to the 2D histogram plot of the baseline prediction 748 result shown in Figure 13 (b) , the red dots represent the empirical data incorporated into the particle 749 filtering model (here, up to just prior to the point of intervention); by contrast, the black dots represent 750 empirical data not incorporated in the model, but presented for comparison purposes. It bears emphasis that 751 because the interventions being characterized are counterfactual in character -i.e., did not in fact take place 752 historically -the empirical data shown in black reflect the baseline context, which lacked an intervention 753 of the sort simulated here. By comparing the hygeine-enhancing intervention results (see Figure 19 and 754 Figure 20 : 2D histogram of model-based projections of pertussis incident case counts when simulating a hygeineenhancing intervention during a pertussis outbreak. This is realized by decreasing the contact rate by 50%. Figure 21 : 2D histogram of model-based projections of pertussis incident case counts when simulating an outbreak-response immunization campaign. This is realized by characterizing a stylized elevated vaccine-induced protection level among 20% of the population. 
761
To simulate an immunization intervention during a pertussis outbreak, a vaccination parameter is in-762 corporated into the simulation model, so as to represent the fraction of the population whose immunity 763 status is elevated as a result of the intervention. Specifically, recall that the pertussis model characterizes a pre-existing level of immunity, following recovery from an infection, that individual always returns to the full level of natural immunity (R 4 ). Secondly, in any of the recovered states (R 1 , R 2 , R 3 , R 4 ), immunity 918 continues to wane absent re-exposure. Thirdly, as the level of immunity is reduced, the severity of resulting 919 infectiousness rises, with no infectiousness being possible at all from exposure in states R 3 and R 4 .
920
Appendix B. Proof of the n-square grows of the unknown parameters 921
In this part, we prove that the unknown parameters grows with n-squared with the total number of age 922 groups in the model. The contact matrix has been introduced, which is
where • indicates the Hadamard (element-wise) product; the parameter of l i (1 ≤ i ≤ n) is the contact 924 rate of age group i. In this research, the l i is known variables; the parameters of f ij (1 ≤ i ≤ n, 1 ≤ j ≤ n) 925 indicates the fraction of the age group j of the contact rate of the age group i.
926
The f ij are normally unknown. And the total number of f ij is n 2 . However, there are two relationships 927 under this method. One relationship is that the sum of the fraction to all the age groups of the age group 928 (e.g. i) is 1.0. The other relationship, related to the characteristics of balance of the contact matrix, is that 929 the total contacts of the age group i to the age group j should be equal to the total contacts of the age group 930 j to the age group i. Based on these two relationships, two equations could be generated as follows:
the total number of equations in Equation (B.2) is n + 2 n = n + n(n − 1)/2 = (n 2 + n)/2. Finally, in 932 this method of calculating the contact matrix, the number of unknown parameters is (n 2 − n)/2. It indicates 933 that the number of the unknown parameters grows in n-squared with the total number of age groups (n) in 934 the model. In the beginning, we introduce the method of calculating the basic contact matrix which is balanced 938 already and with one unknown parameters. Before introduced, we import a mixing parameter, denoted as
939
. The mixing parameter determines where mixing occurs on a scale from fully associative -persons only 940 contact with the individuals in the same age group (e.g. = 0) and random mixing -the contact among the 941 total population is homogeneous (e.g. = 1.0). Then, the fraction of the average persons that an individual 942 in age group i that contact with the persons in the age group of j, which is the parameters of f ij in the 943 contact matrix are represented as follows:
where δ ij is the identity matrix. And the elements in the contact matrix is l i f ij .
945
The total contacts of age group i to age group j (N i l i f ij ) equal the total contacts of age group j to age 946 group i (N j l j f ji ), in this basic contact matrix. And the only unknown parameter is . However, in general, 947 the mixing parameter related to each age group should be different. For example, the mixing parameter of 948 of young children in school age maybe lower than the of the little baby, because the children in the school age contacts more to their peers in the school than the other groups, while the little baby contacts more with their parents or care-taker than the other babies. Thus, in the next step, we expend the mixing parameter 951 to a vector, where each element represents the mixing parameter of each related age group i .
952
Then, in this method of calculating the contact matrix with a vector of mixing parameters, the equation 953 of f ij is listed as follows:
Similarly, the elements in this contact matrix with a vector of mixing parameters are l i f ij . It is notable 955 that the total contacts between any two age groups calculated based on this contact matrix are unbalanced.
956
Specifically, the number of total contacts of age group i to age group j is
while the number of the total contact of age group j to age group i is N j l j (1.0 − )δ ji + j Nili n j=1 Nj lj . In 958 general, the mixing parameters of any two age groups are not the same. Thus, the total numbers of contacts 959 calculated by this contact matrix between any two age groups are not always the same.
960
To make the contact matrix balanced, we have employed the method introduced in [21] to re-balance 961 the contact matrix. A parameter, denoted as ∆ ij , is imported to represent the ratio of the number of total 962 contacts between any two different age groups (i = j) (for the same age group, the total number of contacts 963 are always the same). Then, the equation of ∆ ij is:
Then, the main idea of re-balancing the contact matrix is to extend the vector of contact rates (the 965 elements of the contact rates are denoted as l i ) to a new matrix of contact rates l ij . The elements in the 966 matrix of contact rates l ij represent the number of persons in the age groups j that a person in the age group 967 i could contact in average. Then, according to [21] , the equations of l ij and l ji could be defined separately:
where θ is the re-balanced parameter.
969
Because both l ij and l ji represent the same matrix, a relationship could be generated, which is l ij = l ji .
970
Then, we could get the value of the parameter of θ (θ = 0.5). Substitute the value of θ (θ = 0.5) to Equation
971
(C.4), the matrix of contact rate -l ij could be generated as follows:
Finally, the element of contact matrix l ij f ij and force of infection λ i are:
where p i is the transmission probability of age group i. In the aggregate model, the individuals contact with the infectious (in the stocks of I w , I m and I) homogeneously. Then, three stochastic processes are considered in the implementation of the aggregate particle filtering model. The first is the transmissible contact rate linking infectious and susceptible persons, which is represented by the parameter β. The second is also with respect to the disease reporting process. Specifically, a parameter -representing the probability that a given pertussis infectious case is reported C r , and a state I k -calculating the accumulative pertussis infectious cases per unit time (per Month in this project) -are implemented. The final part is the Poisson process associated with the incidence of infection. This process reflects the small number of cases that occur over each small unit of time -∆t (0.01 in this model). We also treat the natural logarithm of the transmissible contact rate (denoted by β) and the logit of C r as undergoing a random walk according to a Wiener Process (Brownian Motion) [25, 26, 8] . It is notable that we assume the individuals under the medium infectious (I m ) and weak infectious (I w ) also have the probability to be confirmed and reported. The rates of the medium infectious (I m ) and weak infectious (I w ) that have symptoms are also considered as ρ m and ρ w . Finally, the state space model of the aggregate pertussis particle filtering model is listed as follows: A Iw a = P oisson(λ a R 2a ∆t) ∆t
In this paper, we have built a two-age-group particle filtering model, where the individuals in the age
The values of the parameters are the same as the ones listed in the aggregate particle filtering models 1019 and two-age-group particle filtering model, and the initial values of the stocks in this particle filtering model 1020 are listed in the Table D .6.
1021
Appendix D.4. The age-structured model of 32 age groups (n = 32) with re-balanced contact matrix 1022
The age-structured model of 32 age groups with re-balanced contact matrix are employed as the base 1023 model of the state space model of the age-structured particle filtering model of 32 age groups with re-balanced 1024 contact matrix. The mathematical equations of state space model are listed as follows: 
l ij f ij (I j + ρ m I mj + ρ w I wj ) N j 1 ≤ i ≤ n d[ln(l 1 p 1 )] = s l1 dW t l i p i = l 1 p 1 * f li * f pi 2 ≤ i ≤ n d(logit( i )) = d(ln( i 1 − i )) = s i dW t 1 ≤ i ≤ 6 d(logit(C r )) = d(ln( C r 1 − C r )) = s r dW t
The values of the parameters are the same as the ones listed in the aggregate particle filtering models models, JMIR Public Health and Surveillance (2019).
